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Asymptotic and computational methods have been utili zed to study the
incompress ible and transonic flow over upper surface blown airfoils. To
provide a framework for more approximat e simulations which are subsequently
discussed , a full potential formulation is given and various numerical
treatments are proposed . In this and the other models , the problem has been
decomposed into the treatment of the fine structure of the jet and the
analysis of the flow outside of it. Asymptotic expansions of limit process
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‘4~~ype have been used to treat the jet in a thin l ayer approximation using
suitable strained variables. Al though vorticity must be accounted for in
matching with the externa l fl ow, its effect on the Spence boundary conditions

H derived under i rrotational assumptions is nil in regions away from the
trailing edge and jet exit. A simila r conclusion applies for compre ssibili ty .
The condition of fl ow pressure and direction compatibility replacing the
Kutta condition for the unbiown configuration indicates that a dividing
streamline leaves tangent to the upper surface of the airfoil at the trailing
edge. Computational results for a USB airfoil indicate significant enhance-
ments in lift with blowing . Comparisons with experiments indicate that
viscous wall jet effects, wave interaction phenomena wi th the mixing zones

4 near the jet exit and trailing edge l ayers must be incorporated into the
model for improved simulation of the flow physics.
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J . D .  ro le
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and
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Abstract of separation by suppression of adverse pressure
gradients In the VISCOUS boundary l ayer , and also

Asymptotic and computationa l methods have been Ilovement of shocks downstream of the trailing edge,
~tiiized to study the i ncompressible and transonic thereby discouraging shock induced secaration and
‘~ow over ~ooer sur

face blown ai ’~’oils . To provide buf’et at high maneuver incidences . Further appli-
a ‘ramework ‘or iiore approximate simulations which cations of laminar flow contro l through stabI ’iiza—
are Subsequently dIscussed , 3 full potential form u— tion using tangential blowing to achieve favorable
lation is given and various numerical treatments pressure gradients is of strong interest currently.
are oroposed . n this and the other models, the
problem has been decomposed into the treatment of :n the application of this concept , tne
the fine structure of the jet and the analysis of engine bleedoff, thrust, and structural penaitles
:ne flow outside of it. .Asyinototic expansions of required to achieve the Foregoing aerodynamic
li mit orocess type have been used to treat the ;et advantages is of importance to the designer . To
in a thin layer sooroxirnatlon using suitable obtain this relationshi p , a knowledge of the
strained variables . Although dortic ity mus t be associated flow fields Is reguired. Although
accounted ‘or in matching wi th the external flow, attention has been given to the jet flap in theo—
Its effect an the Spence boundary conditions retica l i nvestigations , relat ivel y little ana l ysis
derived under irrotational assumPtions is fl~i in has been performed on upper surface blown confiqu-
regions away ‘ram the tra il ing edge and jet exit. rations , Fo r i ncompressible speeds , the work of
A similar conclus ion apolies ‘or compressibility . SoenceU) represents the classica l thin airfoil
The condition of flow pressure ~nd direction :om— treatment of the jet flea problem . At transonic
oat lb ilit y replacing the <utta condition for the Macn numbers , a comoutaclona l jet flap solution
JnoiOwn confIguration indicates that ~ dividing based on small disturbance theory was develooed f~rstreamline leaves tangent to the joper surwace o f ~ir~o fls , and generalized for three—dimensional
the airfoil at the trailing edge. Computational wings by Malmuth and ~urthy.

(2 3) 
~n these analy—resul ts for a 1J$3 ai’foil indicate significant ses , the classical (arman Sude’l ey model was

enhancements In lift ‘with blowing. Comparisons app lied with a generalized version of the Munnan—
with experiments indicate that viscous ‘wall jet Cole successive lin e overrelaxation scheme~

4) to
effects , wave interaction phenomena with the mixing treat the ‘ree—jet boundar Ies . The jet was
zones near the jet exit and trailing edge layers assumed to be thin , and it was assumed on a
‘~uSt be i ncoroorated into the model for improved htur~stic basis that the Spence boundary condition s
simulation of the flow ohysics. were applicable across it. These conditions

I nvolve equi libration between the normal oressure
l.~ Introduction gradient anc the centrifuga l ‘orce associated with

the momentum in the set .
Uooer sur~ace blowing (USa) has been Proposed

as a means of increasi ng usabl e lift and t hereby t i t h i s  paper , the aoo lic a oilit y of the condi-
ennancing //SIOL capability at low soeeds in land— tIons will be anal yzed ‘or a compressible rota—
ing configurations . At transonic Mach numbers , it tional jet in the cOntext of blowing upstream of
has the firther app licatio n of achieving low turn the trailing edge on the upper surface. i.e.,
radi i In dogfight scenarios. The attendant high upper surface blowi ng In contrast to the jet ‘1ap
accelerations are accomplished through elimination configuration in which the jet emanates from the

trallir .g edge. F,jrtnermore , tne t h i n  3ir FOii ~et
___________________ 

flap problem ‘ormulatlon stipulates an ini ti al

s ponsore d by

and ~SB . :n both cases , the conditions for the
•~ ro~ ec t “tanager , Fluid ~ynamics , Associate trailing edge dividing streamlIne represent a

generalization of the <utta condition for t~ e

~~ athematical ~clences Sroug 
unblown case. The asoect of the paoer involv ing
‘m e-structure of the Jet layer represents an

‘~o’esso r , St ructures and Mechanics 000artiient , extension of the earlier work of Malmuth and
Fei~ ow AI,..A Murphy(°) on transonic wall jets. From t hese
‘—ofesso r Department a’ vathamattcs ana lyses , the caper will describe the numer ical

appro ac n to treat the USB oroblem , and v ar~ ous
Cjp~n~Iu ~ kmefkea IeelUuI~ o( ~,roeaai lc~ and results showing possib i l i t ies f~r I i’t augmentation

lroi,IuIlc ~. Inc.. 1940 . ~lI r$~ Iui r~~.?.id .

~~~— ~~~~~~~~~~~~~~ 
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w i l l be presented. An additiona l significance of r~ i / 2
the work is its relevance to the wake curva~ure ~ e~ \~ - 

~~~ 

- -
~~~ ~~effects treated by M eln ik and his coworkers~6) for ~ XX 

~ I XY

viscous flow over t ra nso n i c  ~ir’oils.
~ (a - 

~~~ ~a)Plan of Paper e
1 ~~

tn Section 2, various formulations and anal yses L[~ ,] .0 (lb)
are proviaed wnich represent , in part , a crit ical
assessment of aifferent aspects of the jet flap where 

~~ 
ana ~~ are the potentials in the regions

ormula :ion ~iven in l~ei. 1 and its extension to Re and R~, res~ectiveiy . Under the assumption of
‘JSB ‘Pr incompr ess i ble and compressible flows . irrotat ional ity , the fol lowing energy invariants
Section 2 . 1 g ives a full potential ormuiat ion for ex ist in R and R. :
the U58 problem which can be utili zed for ‘uture 2
computational solutions and as a framework for tne a q2
more sooroximate thin airfoil theories which are —s- + 4 ~ const. ‘ C ~ —‘- ~2a)
Presented Ifl subsequent sections. Candidate e i-

numerical sch emes are discussed but their imple—
‘nentation for the full potential formulation will a~ q~be reported elsewhere. As a basis for the thin —~~~- + $ const. C.  .~~~~~ (2b)
airfoil and small cisturbance models , the thin j et
approximation is described in terms of a systematic where the subscript C signifies stagnation
asymPtotic expansion procedure in Section 2.2 for conditions .
incompressible f lows . The generalization of these
devel opments to compressible “ow is stra igfltfor- On the s l ip  lines AS and CC , two sets of bound—
ward and therefore not provided . Sect ion 2.3 pro— ary condit ions are required since these lines are
vides a aiscussion of the trailing edge —egion :,.ee in the sense that they interact with the
frp~ the view point of a nonuniformity of the thin solution. The Fl_st of these is the tan gency con—
jet theory as well as the generalized Kutta condi— dition in which these lines are streamlines of the
tion for usa. ~nflerent in this aspect is the internal and external flow. Thus, on AS , which In
geometry of the dividing streamline at the trail ing the coordinate system indicated in Fig. I is given
edge which is a necessary condition for the deter- by
minazi on of the jet sheet free boundary . Arguments
are provided to subs tant iate tangency to the upper y S (x)
surface providing the jet stagnation pressure is
greater than that Cf the external flow . To relate the conditions are
the internal jet structure to the external flow
w i th emphasis an bounda ry conditions, Section 2.4 ~ ~~~ lx)) ~~.
illustrates how asymptotic matching princi ples y 

•
~
•_

~~~ 
() (3)provide a systematic approximation to the boundary ‘~ ~~~

conditions for a problem for the external flow . cx
~,lso ~ndlcate~ is ~ow the si~iall di~~urba~,c~ ~3ét where the arguments of the other members are theap o rmu a ion a ~ . is mo e w . same as the numerator of the fIrst. :~ addition tO- m all, , Sect ion 3 gives results from a computa— (~) a juno condi ion obtained from Eps ‘2a~ andtional solution based on the small disturbance 25 AB nd ~rO Thi e lat ion iornu at.on or t .e _ar icr sect ons. ifl is sec-

- ‘ 

~ I 1 1 d nd synonymous w ith the ract the static Pressure ~5
~ion , ..anson c ~~ a r.oi s are an yze 

~ont in 0 s ac ross each sl ip line so that acrosscom parisons are mace ‘w ith experiment. ractors U U

associated with the discrepancies are cons ide red .Mese ~ou n a r e s
and refinements are oroposed to improve the A 7 2 A —~~ ( 4a)realism pf the model . c ~e’ 

— 1

2.0 ormulat ions and Anal yse s holds , where
(. 1 ~ 

(..~~~ \ / y
2.’ ~j il Potent ial Theory ~~‘

/ 
‘

A — ________ — 0
:n Fig. 1 , a USS confi guration is shown. e 232 ~~ 

= 
2

3efore dealing with small disturbance theory, we CO 
_a~0indicate the appropriate formulation In a full

ootan:iai framework. r 1 /
= !~~~t —l  )/ .,. ,( v — i  )H 12 ( ’’ — l)ne procedure tO treat the problem i~ to ~ntro— 
- e,.~ 

- J/
~uCC SeParate ootentials ‘or the internal ‘low in L ~
the ;et reg ion (denoted as R~ and the ex t ernal 

~ tm l’ ar -ondit 4 ons ioid on ~ O ~n addi~
4on ore~von ~~ ~iowever , it is to be noted that i~ rota- 

~ 

‘ 

~ ~i ~ 
-

~~~~~~• ~ _ ‘ an ~ , Su1 ~~3 e con ~.o 5 on s o  C.ona ow w resu . on J 1 . e n rooy is ..pn AB d ;r~ t h j 1~ d e A nd are

-es tr’ctions , the aooropriate equations are ~ome Lerat l ,e Proc edu e.

~~~~~~~~~ _ _ _ _ _ _ _



On the surface ~f the air
Foil , a condition of developed to effectivel y capture shocks and treat

the type (3) appl ies,  i . e . ,  If the up per surface the mixed fi~ id in an accurate ano comout ationall~is given by effic ient way. Issues of stabil~ ty, ~iagonal dom-
inance woul d have to be re so l ied . Simi lar ques—

y F (x) tions would also ar ise in connection wi th a third
formulation involiirg tie stream function as a

then dependent variable. ~n contrast to tie Indepencent
variable case where the free boundary position i~

~ (x .F(x ) known with unknown boundary :ondi:ions , ti~is would
$ F ’ P X) . 

generate an unknown boundary carrying known data .

In spite of the attendant problem areas in the
full potential formulation , i t represents a oesir—

.A similar relation holds for the lower airfpil sur- able longer range objective to treat thick configu-
face. For the far field ,in Re, a relation of the rations and assess the accuracy of small d1stur~—
type ance USS solution s . In the Short term , the small

disturbance solution has been implemented because
of its simplicity of extension to three dimensions

$ 
~~ 

, as r2 $ 
*

2 + ~2 ~ and its ease ‘n integration with other inverse
sca lec y~ 

procedures that we have developed to remove shoccs
apo lies aporox imatel y, where is the circulation on unblown airfo ils. ~ithi n tnis framework , tie
on a Circuit at r and ~ • tan~ 11*. Note that fret boundaries can be more eas’M y treated ~ue to
the circuit includes cpntrj butions along the jet, the appropriateness of transfer of boundary
The ‘ar field in R4 can be optained by metho ds conditions .
similar to that de~eloped by Malmuth and Murphy in
Ref . S. To complete the formulation initial con— 2.2 Thin Jet Theory
ditions at the jet exit and a suitable far f ield
downstream are required . If the ormer is subsonic , As an essential ingredient ~f a small disturb-
Neumann or Cirichiet data are appropriate. If ~ 

ance formu lation, the jet structure is developec in
is suoe rso n ic. then Cauchy data are necessary . this section for purposes of speci Fication of the
Oownstream,data are used onl y if the flow is boundary conditions . n particular , it wil l be

locall y subsonic. shown how the Spence theory of Ref . 1 can be
derived from a systematic approximation procedure.

At least three a lternatives appear possible for
the solution of the aforementioned boundary value Rererring to rig. 2, a section of the ;e: ‘s
oroblem . n tie first, no macpings are appl ice and shown. A curvil inear coordinate system is embeodea
the problems are to be solved in the physical in the j et as indicated. The lines $ constant
(Cart esian) plane. This approach has the advantage are parallel to a reference liii (the ax i s )  whit~
of allowing highl y developed techn iques to be onl y under special circumstances coincides with trie
applied to the Cartesian form of the full potential centerline of the jet. Othe~~ise , the axis is a
equations (FP~). Successfu l imp l ementation would , reference lin e wnich is the centerhne of art
however, require means of dealing with the movable approximate paraflel ‘law to be discussed Subse—
‘re, boundaries. In oarticular , stable extrapola— quentl y. In this coordinate system , the lines
tl ’ie and interpolative procedures ‘would have to be 

$ constant are normals to axis. Ii wnat fol-
developed to handl e large free boundary shifts 1~ws, the incpmoressible case wi l l be ~iscussed .

between grid points, wi th minimum error propagation. The generalizat ions to compressible low are
In the Cartesian equation approach , it Is envisioned straightforward .

I ‘ that the problem would be so lved seo ar at e l y in
domains in and R~ on alternate cycles using ‘4ithln :ne indicated :cordinate syste m , tie
succ essive line overrelaxation ( SLO R) . Conditions exact equations of motion are
in the other domain would be updated using ‘ latest’
data ‘rom either Eq. 1.3) or Continuity

The SCCOnd me~~oc would use mapping procedures q~ + ~~ , ii ~~_ C :Sa ;
such as those due to Thompson . Another possibility
Is to ooen up the cut physical plane with the mao—
olng w • ~~~~~ ‘where z $ ~ iy and w u + lv. In C - Momentum
this mapoinc , the ‘Ct boundaries would Proj ect as

1 $ 3~u ’i . A s uosecuent shearing q
~ ~~ 

lo o~~_ ,.,~ ~~_1 • ~ — . - — (50transformation ~—, h 3r ~n ~
i • v S(u) — Momentum

u ‘ u  q~. l Q  3q
(Sc)

would bring the ree bouncary on the real axis. 
-

‘et another maooing procedure would be
— x , u ) ,  where u ~s the stream unctio n sac- where h , the metric coeffic ient ‘when related to the

Isf y ing the exact COntI nu ity equat ion s. The advan- d,~ ’erentia1 arc length In Carte sian (x ,y)
tage of these mappings is that they would freeze coordinates is
the ‘ree boundarIes . A disadv antage Is that they
wOu~~ compromise the equat ion in the sense that a dx + dy 2 • h2 (C,r )dC 2 +
new numer ical method would orobabl y have to be • I - —/R( fl (6 ~

L ~~~~~~~~~~~~~~~~~
~~~~~~~

-
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with R(~ ) being the radius oi curvature which is where syimnetry has been assumed to leading order ,
shown posi t ive In Fig. 2. and the jet flow has been oi,id ed into two portIons

< 
~TE and > t’r

~~~, 
wi th  ;rE rep res ent ing the

To obtain an approximate incompressible set pf trailing edge position and tie fact tnat the tr a il-
equations prototypic of the compressible case, the ing edge is a streamline (no je~ width pert’urba-
thin jet limit is considered . The characteristic tion) is introduced by the ~ea’jiside function H ,
jet thickness is sh own in Fig. 2, where the jet defined as
boundary is denoted as $

.4 4 (x) • 0 , x ~ 0‘We now define a thin jet ~imI t — 1  , x > O
r — O , ,~‘ • “/ t  fixed (7 )

Based on the foregoing discussion , the condi-
w here the boundary layer coordinate n~ is Intro— tiofl that jet boundaries S are streamlines i~duced to keep the jet sli p lines in view in the
limit process. In (7), the appropriate representa— ‘ 75 — 0
tions to yield a nontrivial stru cture are

where p • (q~ ,q,,). Substitution of the expansions

_________ 
1 (8) into thig relatIon gives :

• — ,j
0

~~~~ ,’i *)  ,~~~ u 1
(~~,~~~) + ‘“ ( 3a)

bá (~
) u0(C,b0) ~ (h a )

3 2
7 $ ,‘ ‘ v0 + + •.. (Sb) v0(~ ,-b0) 

a -b~(~ ) u0~C,-b0) I (110)

• + t p + •.. (8c ) v
1

(~~.b0
) — b~(~ ) u0(~ ,b0) (llc)

oLJ 2 ‘~ 1
. _b.j (~) ~~,bn) # b~bwhere U is some typical freestreasn velocity . The

Orders were selected to give the “richest’ possible -

set o~ equations and , tonsistent with this , produce I — ~.a ~forcing te rms in the equations for the second order + b0 ~Ui 
+ 0i 

~~
‘j ~l 

.

quantities . These or ders are consistent ‘with the
mass less momentum source model of Spence.(l) The other conditions involving continuity of

pressure are:
Substitution of (8) in (5) and equating like

orders gives the following equations 1or the
approximate iuantitles: 

~ b • 
ext ’~ = ~l2— 0u ’~~ ~ a)

~u ~v 
.

(9a )
~; ~fl

p1 (~ .b0) - b1 (C) ~~~~~
. (~ ,b0) ( 1 2b)

~u0 ,u0u
0 ~~~~~ 

+ v 3 ~~ • a (9b ) ‘where we assume ‘or the present argument that the
external pressure field is prescribed . In

~~~ 
a - —4 (9c) addition , has been also imp licitl y assumed.

For $ 0(3), (‘20) would be presumably changed to
• reflect a secord order perturbation of the outer,v l 1 ~ , • 

fl ow. In actuality , it Is determined i terativel y-n-. 
~~~~ 

$ 
~ ‘i IC

) , a, and Interacts ‘with the internal ~et flow.

)u1 ~un 
,u~ Solutions

u., -~-r v,., — ‘  —
~~~~ u, —~~ v ,

‘ “ ‘ 
~~~

‘ First Order Theory
u0v 0 ,, 1u0 ~~ We introduce the zero th order stream function

given by

2u u. ~v ~v ‘j

• -~~~~ • - u —~~~~ - V
1 

- _

~

;__ . : loc ) - “~ 3i~ ~3

and emoloy the ~ilowing transformation ‘or ti e
The appropriate boundary conditions Involv e independent ia- ’ables

statements ~egardIlg tie ‘act that the jet bound-
a r Ies are st ream l ines and that the stat ic presS ur e ~~~~ — ( C ,~

) . (l3)
is :Pntinuous across the sli p lines. The upper and
l ower sl’ o lines 3 and 3, • 0 are ;iven by Under (13~ , the dl f’,rentlal ooerators nap as.1

S~~~~~ .b 1)... — — ° b 1 : i ; a o  , (b l (~
..?’!.)•’C )

~ “CT ’

A

L ~~~~~~~~

— -  

~
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• u to give the ollo w ing solution , where the fIrst
~n 0 ~‘u order solution ~l6) is assumed:

and sos. (9) become o
1, ,,~R) ~~~~~~~~~ 

~~‘‘~

~u1 iu ,., 3V ri I ‘ C
-~?~ - V  -~-—-~~ u~~— O  (14a) r

0 ~ I ‘C (l9a )
,u1 —

• C ( l4 b) •

I, V~ • —

-

~~~ 

$ — . (14c) r
x j  *~1$ _ _ 3~~I (1gb)

For sim plicity and without excessive loss of L j
generality , we consider a constant ieloc i ty jet + • )  • (0+ )
~x~t (~~0) initial profile parallel to the wall , ~~ 1 ” T ~ ‘

‘ 
~~~ ? ‘  u

3 H C)

‘i.(~~,. — ,— l’ — 0 (19d)

a C u0(0,r t) C (15a) u1 • u0
(l_ ”*)CR (oy t - + - (19e )

a a v0(O ,n ) . (l5b) 01
$ 2tp - q

~
(O) Ju

~
Equations (14) have the following solutions on , 2

applicat ion of (15), (h a), (hib) and (lZa): •U0 ~~~ 1 ~
‘O 

~ 
3 1

~l ~~~ ~~ 
‘ 4 3~J~~~ ,‘~~ 

-
~~~

. -~~~~~

• C ‘
) (16a ) R ‘- —

V., • 0 (16b) 
- ~~ ~q,~(0) - . (lBg)

L Besides u~ 
— 0, another nonuniformity is

• (l~n )  -r • p ( C )  ( (16c ) evident In ~l9a ) and ~19c ) sic is associated w i th.1 the factor o~(~ as — C,~~. 
if tie latter

00 • I (164 ) approac hes ~~ . As we wiih see, this occurs ‘or
trailing edge ang les less than 60~.

• ~~ . ..) (l6e) 2.3 Traillna Edge Behavior
Disc ussion Incompressible Flows

The ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ Defining the complex potential function as

~ 6c) IS F(z) • ,(x,y) + i’~,(x,y)

:~12 • o(C,l) — p(C,— l ) $ 2C2/R (17) where (x ,y) is the local coordinate s~~tem shownin Fig. 3 and z • x+iy. the local “corner ‘Thw
~fl$Ch agrees with the Spence model. It should be solution to within a dimensional mu lt ip licat ive
noted that In contrast to the latter , no assumption constant In the lower external ‘-egion A’OS ‘with
-egarding i rrotatlonality Is required to obtain S as the dividing streamline ang le shown is

~~ in contrast to the results of previouS given by
‘workers . The radius of cur’iature ~f the jet Is
approximatel y ~ ‘upstream of the trailing edge which F • 

- i— t~—- )/S . “~ ‘20)In turn is approximatel y given by that of the blown -

g g  whIch im plies that the square of the resultant
nation of the fh qw outside of the jet. Upstream of I”
the trailing edge, the ‘wall ~ressure Is determined ~r
by (17) s i nce R is known and is given by F~~ 

$ ‘
~ ~~~~ 

- 1 . (20’)

i 2C 2 , _  I To obtain the necessary i ni tia l concicions ~pr
PC.,- ) $ 

~—r + i.e.) . C 8) determination of the jet, the implications of con-
tinuous pressure and flow angle across the divid ing

Second Order Theori~ streamline near the trailing edge were s tu d ie d ‘or
Incompressible ‘low . Referring to Fig. 3, with the

EquatIons (10) have been solved subject to the dividing streamline denoted as 08, we signi fy the
boundary conditions ~llc), (lid ), (120) and the trailing edge angle as v , the angle that 08 makes
initIa l condition at the jet exit ~aQ with the upper surface A0 as and that with the

lower sur f ace as s . In ‘what ‘~flows , we ‘cent i y
— 0

S

_ _ _ _ _ _ _ _ _ _ _ _ _ _  - 
-
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each of nine possible cases that can occur ‘with 
+th e ‘allowing shorthand notation exemplifi ed as p a p0-4— — p — (21 )

where u is the upper stream soeed at 0. To— - satisf y (21), the “ 5iI ~ ” deloci ty .~
“ ‘s thus

E3 ’— _ .~. -

+ ~2(p - p )
.i (22a )

- - The tr’,~th tab le ’ ind icating the nine cases is Remarks

JLL LC LE \ If p
~ 

< ~;. then LE is the onl y possibil ity
I with

• (CL 3G G E l  1~~I I /2(p -

E3 EE l  . u a ~ . C22b)

and sucer ~i o s 3 g n i ~y conditions above ~B 4 For a hypotheti:ai case in which p~ ~ 
i n a real

s’~oscr ots and superscripts cenote ooints below ohysfcal flow (fluctuating above and below
this line, we now examine each of the oosslbi)i- equality), then a tn -stable configuration tould

— :~es . Th wnat ~ilows , let 00 be ~ e stagnation evolve which would osci llate oetween LL, LE and EL.
ortssure and o be its sta t ic va lue . Except where
otherwise rotec , we will also assume that ~4onuniformities of Second Order .Apo roximation

> ‘ Frpm (20), we find that the other nonuniformity
Al) °ossi blli ties Involving C Exceot GG referred to following Eq. (19) is associated with

These must be ruled out on the basis that on ‘2 ‘ ‘the C side, 0 $ -~~ wnicn is ‘unphysical on its own q ’ ~ r’ ~~
‘
~~~
‘ as r — 1

merits . urthermore, p ‘would equal 
~~ 

the stagna— u
tion value on th~ I, side, and equality of pressure where, ‘we cistinguish the ‘oliowing possibilities
across the slip line would therefore be impossible. as —

(I) q,’ — . S or ‘.~ <
This must be excluded since it would impl y .1

3 • ~ > 2 which is clearl y geometrically 
*impossible. (Ii) p — 0 , 3 ~~

— or ‘, >

LL —— ( i i i )  p f ini te * 0 , 3 a 
~~ — or ~

This impli es that u .1

+ $ + Case (I) is the most practical situation andp p0 necessitate an inner solution for the transition
- — layer to join the wall and ‘rae jet flows . Before

° °0 considering this, we briefl y investi gate the

Th realize pressure equality across the slip lines , vorticity which can be shown to be given by

this must be ‘-uled out as impossible for a ll cases + 
~ 

‘.. , where
excePt when a o .  This also is a corollary 

-

~ f the Kutt4 condition appl icable to ‘unbiown 
0configurations. ~0 ~

,u, U,,
— 

~,, a —p - -~~~ • • ~~~~~~~ - constant ~ C
This Is associated -with 0, 1 .e. , a cusped ~

tra ili ng edge or flat plate for $ 
In solte of the constant initia l ‘cw, a non—tarp
vortic ity is thus i ntroduced by the body curvature .
By contrast, a potent Ial vortex over a ci cuia r

- - + cy lindr ical sur~ace would have hac a l near

~ < p0. lowever , 0 a p0 In this initIa l orofile to produce an irrptatlona ’ now.

c ase w nich makes eo ui l ib ra cl o n of the static pres- :nner P’-oblem
s ures o and , Imp ossible across the sl ip lin e AB.

AnticIpating large gradients near ~~ 
we

EL consider thC 9al lowing asymptotic expanSidn~ ia hd
In the I nner limit

This Is t~e onl y ,
‘ ab ie oassi b ihl ty. lere,

< o .  In ‘act, by Bernoulli and silo lin e C’ 
~
C—C E )/\(~~ 

, — . a ‘/~ f ix ed as t )
pre ssu~e continuity , ‘we have

* 
6
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where 1 has oeen as s ~rne~ to be unity in (16): where is an arbitrary unction ~f integration.The system (28) is equiva lent to tne following
scalar equations

— _~_. s ( ’ . ’ .a
~~~ * - ~ + (24a )

(29a)

— a 3 ’
~~

’ v~~~~~ ~ — • • •1 , ~ — — i i~ — ’  . (29b )

2..2. $ pa(?* • )  ( 24c) The appropriate bounoary value proolem ~r (29)Involv es specia lizations pf ~oundary conditionsa l ready discussed ano conditions obtained from
where, ~ is a reference pressure and matching at the upstream and downstream boundaries

or a rectangular domain , he ~et boundaries are
not free to this order , Deing at ~ 

a 
~l. A corn-

a 1 • ______ $ I • -~~~~— plete solution of the problem subject to these
conditions is in progress. As an interim steo , a

‘iere, R represents the centerline radius ~f 
special form of an ‘in n er inner ” solut ion is m di—

curvature. cated ‘or the , et flow imedlatel y above the trail-
ing edge . To illustrate the szngular benavior ,

Th obtain the -‘chest conti nuity equation vorti ci~y associated n~~ti C source term ir tie
assuming ~‘ 0 ( m ) ,  we out !olsson equation ~or -u obtained - r om (23 ana 25

is suopressed by a cnoice o’- sui~abi e ~et cx i.

~ 
conditions . In addition , tie — Ignt hand side t f

- ‘ (29b) is assumed to vanish by linearization about
CTE in the subscale assumed .

•O give For purposes of the anal ysis, the confi guration

~~ ‘ 
in Fig. 3 is considered . lere, a m , representing

+ 0 . (25) the EL arrangement which was oroven previousl y to
be appropriate.

~oughiy, the •‘iatching condition for u Is -On app lying Bernoulli s theorem on the uPper
— 

and lower sides of the trailing edge, and employ ing

— a the condition that the pressure is continuous
— 0 t acr oss the ~ivid in q streamline 38 we -obtain

using (20’)
-or v , we introduce the interneclate variable

C,, = C/’~( m ) .  - p
u t u(x ,O+)~~ 

0
Matching the ‘nner and outer solutions by -wri t-

ing each In intermediate variables , we assert that

3 (m)v~~~ C , ~*) 
— 
~ bâ(’C )uo(’P) 

(26) 1 + -~~~~~ ~ - ... as x 0 (30)

‘where the double arrow signifies asymptotIc equal— 0 0
Icy. Eauation (25) impli es that

a v ( ~~a ,~~~ ) $ constant ~ 
where is the density .

and The solution for the jet f’ow in the immediate
neighborhood of the trai ling edge satisfies tie

• ., ,
~~ • 1/ ~ appropriate boundary value probl em cr the uoper

• ‘ half plane y > 0 (Fig. 4) ii wnlch “ow angle and
Substituting the expansions (24) into the pres~ure are matched . -lere , cont inuity of~~low

momentum equations, the remaining equations in turning signifies that ~n some ‘ :nner ’ —egion
the aistingu ished lim it

v(x ,3) a Q , x < 0 (3la~
3 • , m a  ~

‘
~
‘ (27) 

v(x ,O) — O  , x 0 (310)
are and

~~‘,‘ I
• — ~‘ ~~~~~ (28a) u(~ ,0+) a A -

3u * 
where A and B are constants determined from (31).

a • ~. ~~~~~ ‘ (28b) The aPpropriate harmonic functions satisf ying
(31 ) and (32) are

Ecuation ‘23b) ~an be integrated directl y to give F’ - -i’n~ •
]

the linearized 3ernou lll relation (z, - a 0 a 1 e (Ja ,

a — 2.~ — u a1~~a,r~ cos ~(3 - r) a Re F ’ ( Z )  (33b)

7
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for ‘wiich With the usua l isentr ooic relat ion

a a 3 ’ a ,x~~ • • ‘  , ‘‘0 (34a)

- a + ra 3,, 3. ., ~~ r .‘‘ , * 0 (34b) a... - I ‘i — i
- 1 l - - - .~— M 1

0 , • 0 (Cac ) P3 
L

a -a ,x ~ si n ~ , x C . (34o) the local Macn number , M , ca n a c ju s t  in a :ont i nu—
- OUS way in order that the ‘ow recompresses

The sha pe of the s l i p  line is determi ned by apply- smoothly from 3 to 1. At 3, M is sing le ,aiued M,
fig Los. i34~ in tie tangency relation. Denoting and adjusts itsel f Such t.nat the pressure ~ 

-

the jet ooundary by equals p~ , in accord wi th the isentropic relation ,
ass~ning that the ~ ow stagnates at 3 on the l ower

a y - 3(x) — 0 side . The only way this can ~e realized is w ith
an EL confi guration. 3y contrast , a discontinuous

then the plow tangency relation (u,v) 73 3 transition can occur and is iliu stratec schematic-
implies ~ at ally in Fi g. Se, and is associated w i t h  a GL

arrangement. In some respects tie confi guration
3 (x )  a arg 

~~~~aB(x )  resembles flow over a solid wail ex pans ion corner
1 consisting -of expansion ‘an interact ing wi th a

-o ‘h sonic lire ‘rpm the corner. I’ the so l id c o nf i g u—-. a ratiOn were representative of this ~~ow w ith the
a free boundary ~li o line, compression w aves -would

a •~.L ~~+ as ~— -3 (35 ) ‘eflect of’ the sonic lin e cia :Orm a snocx
a —a ~ a1 ‘ envelope which woul d oe necessary to recomoress
~ ~O ‘ ‘or 3< . the flow from an ov erexoa nded value oeiow tne cr~t-

ica l p~ to the o5 1ev e 1 , Ac~ it~ona i re~’ec ion5
look of Dividing Streamline — Discuss ion can be produced ‘nom the upper sl i p lin e

This discontinuous transition eads to a t i v a l—
Equation (35) implies that ued pressure at 0. The t3ntinuous and ciscc nt inu-

ous processes are illustrated scheinaticai’ y ~i
1 Figs. Sb and Sc, respectIvel y. :~ F’g .  Sb , t~e

3”~x) 
a --m — . reco rn pres s ion takes place on the line 30. Tha0 Fig. Sc it occurs on 0000” s~.;nif y~ng t~e

confluence of mul ti pl e states at 0. lena, tie
Thus dashed ‘lie element 00” si gni’ies a shock ~urC .

Experiment al data strong l y s’ug;ests clat as ‘n the
,,, . . incompressible case , the EL co nf i cu ra t iOn  is the-, x , —~ as X J  most probable situat ion ,since on ~ pua lit at ive

basis ,it represents a path of least —esistance.
~n soite ~f the act that Pres~miably, a more r

4gorous argument to support
this conjecture -would !iy on some sort pi stabil-

3’ (x )—O as x—-0 , ity analysis.

i .e., a ‘hook ’ of infinite curvature but with zero For p = o , the div iding streami - ”e woul d
slope develops at the intersection of the dividing again bis~ct :~e tr ail ing edge since cne flow in
streaml i ne and the trai ling edge. This pact has the immediate vicinity would be incompre~sib ie cia
sign i’ic ant consecuences —egarding the generation the reasoning ii the previous section would COPl y.
of li’ t of blown airfoils. n this context, the ~or the improbable case of p~ < p5 tie ~E zonfigu--classical Soence solut ion ‘ails to treat this ration would be applicable ~ ‘or the inco mPressi—
detail since it is cast in a ciii airfoil theory ble situation.
framework . :t gives a logarithmic singular ity at
the trailing edge in contrast to that 0f the solu— 2.~ :ncomoressible Small 0ewl~ctio n “,eorll
tion above. The representation of 3 near * 0 ‘rpm
‘35) provides the Initial conditions for the deter— Because of its potential v a I-~e ‘or s’mpii’~edilinatlon of the lower boundary of the jet and the treat,ment of the trailing edge ieighooriood Cfld
vortlcity it car—ies . This in turn determines the matching wi th the Outer flow , we consider in this
running circulation and the tota l lift. A systema- section a small deflection special ization of t~etic matching procedure to join this solution to the previous thin ~et th eory , o r pur~oses of
Outer ‘low and achieve a consistent numerical trating the theory , -we evert back to incomoressi-
‘ormulation ~as appa rentl y rot been recorted ‘n the ble ‘low. We consider a section of the ~eti terature , even sor the ‘unblown Incompress :bie ‘ar away ‘ram the :ra~linq edge -egior’ -~eoicz eccase cor—esoonding to th’ n air’oil theory, i .e., i n ci g. 6. The uDDer and l ower Si~ O ) nes are
‘or ~~<< I . p iven ty

crroressibie Tr ail In g Edges = y - )b~(X) 
a 0 ~36e )

onsider agaIn the confi guration o~ ~Ig. 3. 0. y - ~b ,(’~) = 0 (36b(
lena ‘we ana l yze f i r s t the case -where

where the slope of the slip line is assumed to be
> 

‘ ~f the same order 0f the character ’st ic thickness 3



- a-

ratio 3 or incidence ~ of the air~ail . ~loreo’ver ,(36) imp lies that the jet thicxness is also of the (i) ~~ —
same order.

~e ass ume as~nptotic expansions for the -ieloc-icy vector q and pressure ° can be written in the 
~~~~~~ 

<0
S 1 1

a 
~co~~ ,u3

(,~.j) ~ — •..]T
(iii) ~~~~~ . (40)

+ [d0
( 3 ) v

0
+ ...] j  - ‘ (37a)

Case (ii) appears to be the most interesting ~f
- ‘  _—_.~~ — < ‘S)p +<  ~~ + the three since II) leads to constant vertica l and

0~ 3 1 1 horizontal velocity along streamlines ‘which
restricts the free surface shape and (iii) leads

- - - ~b x to no pressure difference across the jet to this
‘or — a 

‘ ~~~~~ 
‘ixed as 0—- I , ‘where ~ is 

order which is of l imited practical interest. ~orcase ( i i ).  -we introduc e tie stream unCtlOfl
the freestream velocity , i~ tie densi ty , a nd mapping
i5 the ambient 3ressure. The condition tnat the
lower slip line is a streamline of the jet 11ow (x ,9) — (x , ,) (41)
reads

— in which
q . T J . a o  

—x = x • x
wnich to dominant order impli es

u0 
a ‘~~_ , v0 

a —

v3(* ,0) 
a ,~2 b~(x) (38a )

0

-wnic h provides a ion— trivial case onl y if
— a

__.2 , I . (3S0)

~0 D e u 0 -~~.

~ 
~38b) a similar relation i~ obtained Under (40) -w ith (41 ) , Eqs . (39) become

= b~(x ) . (38c) ~~~~mentuim

On substitution of (37) and (38b) into the exact u~ ~~~ 
a 3 (42a )

incompressible Euler eduations , the following
system evolves : 

~ Momentum
x Momentum 1 4= ~~ (32b~<a I ~x ~~

0u 3
- - — p 3 ( 39a)

x 5.Ontinuit,y

Momentum (_
~ 

- ~ 1-) ‘u ~~~- - 0 . (42c)
- - 3x O~~’~J 0 0~~ ’i

<0Dy
0 

a - — p0 (390) The solution of (42) subject to the ooundary
~2~~2 

~ conditions Is

Continuity U0 U(~ )

~ 1
3 

0 (39c ) v
0 

a b~(x)U(~ ) -:430)

— 5 ( x )  ‘ — ol  (-c ’ J ‘ j ( -
~

’ , d’,~’ . ~43c)

,x ,
~ 

., ,y 0 , x  1~~ y

~1ere , p~ (x )  and b ’ ( x )  are the p ressure and 5100 C
On Inspect ion of the syste m (39), we note the of tre lower s l i p  l~~ne ~f the jet. S-cs. - ° 3)

oi l ow ing p oss i b i l i t i es  indicate that the norizonta l ~eloci:y comoonent is

9
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con~ected along streamlines from a prescribed To preserve the structure of the secono argument
initial -distr ibution at same upstream station. :f of the right hand side of (~5

’ , we assert that
this distribution is constant, i .e., if

‘u~ (O ,~ ) a C ,
Furthermore, we obtain the most general boundary

then (43 ) special i zes to Condition in (45) If we let

u3 
- C (44a )

C b~(x) (44b) 
Now if ; + ~P /3y Z , we have chat

a y — b4(x) (44c)
which implies that one—dimensional flew given oy

— p — C -b~j (x )  
~~~~ 

— = 0 (46)

b - o . const. or
-u 4

Note that Eqs . (44) are consistent with Eqs . (16). ~~a a(x)y* + ~
- 

- :n the present small deflection context , we go b ’ x~ * + b(x) ‘0’
beyond the anal ysis associated with (16) and u ’ y

- - ‘ d i ’ t by (45). ~ sim il ar result for the lower blenoing

func tions o~ and <q. The term ‘ patch” Is used in y

contrast to “match’ in the sense that conditions b’~~ + b’x)are satisfied at a fixed boun dary at a finite dis—
tance in the former (i.e., the slip line) in con— Now the ‘well known outer expansion for the region
.,ras. .0 the latter where ~hey are satisfied In an outside the ‘inner ” blending layer isasymptotic manner , gener all y, at an inr inite
distance.

a 
~ + i~(x ,y) +

Patching is achieved using a ‘blending layer ’
at a -vertical distance of 0(6) from the sli p line x ,y ‘ixed as 3 — 0  .
and air~oi1 . The latter will not enter into the
present Oiscussion but will be considered in con— Matching of the inner and Outer expansions can
nection with the trailing edge behavior. TIne ~e ach ieve d by introduction of an Intermediate
blending layer w ill also be used to validate the variable
usual Taylor ’ s series transfer of boundary condi-
tions employed to define the outer flow . A treat— ,, V
rent of similar bl ending layers is discussed in ‘~ T
Cole (l) in connection with i ncompressible flows
around unblown bodies ~i revolution. lowever, where ~ << , << 1 . The matching condition is
some different features arise in the present con— -

text. In accord -with the previous remarks, we lim lim L~outer~~’~~ 
- 4 inner (x .Y ;j ~fl

consider the shaded region shown in Fig. 7. we -

consider the entire external 9low field 
~e ~FIg. 1 and in particular the blending layer as where

irrotational . tn antici pation with matching with
the outer flow , we assume that the blending layer touteris a perturbatIon on th e freestream . Accordingly, x ’ Se~x ,ry ,( —
t he asy m Ptot ic ex pansions for the potential ~ andpressure are a x+  3[a (x .O+~ + ~~~ , (x ,O+ ) # a..] ~

• x ,y * fixed ~4Sa )

~inn r
-where 

a x 4 3  x ,0+)+3 b~(x) ~~~~b (x)] +

(48b)

~ where the second term of ~48b) has been inter posed
I—t—odu clng t~e conaltion that the sli p line Is a for matching and can be construed as an additional
striami Inc of the external flow , gives on the element lumped into S~x ) of the dominant i nner
uPPe r ~~~ 0 —~~ the relation problem associated -with 46). Application of (4~u and a similar argument ‘or the l ower blendi ng

• (-~b’ ~ 3 layer gives ‘or matching that
‘ S

a b (x) a ; x ,3-) b (x )

~ , ~~ , ‘~~ ~ 
a ‘

~~~
. b ’ ( .* ) (~~5)

/ which is the cond ition anti cloa ted from tangent
‘low . Determination of b(x)  in ~, 48b) depends on

10
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the inner limi t ~f the outer representation of the Externa1_~’ow
flow field as a line vortex extending to downstream
infinity whose local strength is proportional to For distances large compared to the jet width ,
the jump in pressure across the jet the ‘lie structure of tie jet is important only

a o((x .0+) - a~(x,0’.). The subsequent argument insofar as it provides matc hing conditions to the
should be similar in some respects to chat associ- i rrotational flow field outside i tself. In i ncom—
ated with the finite line source discussed in pres sible low , tn ts external “outer” flow can be
~ef. 7. In this connection , the details of the determined by thin airfoil theory. At transonic
determination of b (x) will be discussed elsewhere , sPeeds , small disturbance theory is appropriate

for this region . Details of the asymptotic match—
To determine the gauge functions 

~ 
and ~ ing procedure have been discussed for incompres-

appearing in (37), the static pressures of the jet sib le flow in the previous section. Based on these
are equilibrated to those of the blend ing layer at deve lop ments and the earlier ones for arbitrary
the slip line. From the interposed term in (480) deflectIon thin jets in Section 2.2, the boundary
and 3ernoulli s relation in the blending layer , conditions for the outer flow in the incompressible
the external pressure 

~e 
is given by and transonic cases for the jet flap and upper Sur-

face blowing are now indicated .
p _ p

C 3p + 
~~‘. (5 3) Je t F~ap010 2 C

~eferri ng to Fig. 3 , the equation tf an airfoil
in both inner and Outer limits , ‘where on the slip can be given a s
li nes

y = 3f(x)
) (x ,b ( x ) )  - - 2

~
(x
~
O+) (Sla)

~ -u and the ~et is

Pe(x ,b t( x ) )  = - 

~~~~~~ 
, (Sib) y s sq(x)

From (51) and continuity of pressure across the where 5 is the thickness ratio of the airfoil , f is
slip line It is obvious therefore that the upper or lower surface and involves the ang le

of attack which is of the same order of S. Con—
<0 (52a) sideririg a small disturbance approximation , we

obtain
and

— 5~’b a ~‘a (520) 
a a ~~~~~
r m3/Z r ,3/Z ~g -

Furthermore, 3ermoulii also implies that h + 1~~1~ L1 4~~;’5J\dx IJ
.3/2

Letting the “outer” expansion Pressure coefficient
— 

be represented as
again in agreement ‘with Eqs. (16) for the jet cen-
terline of radius of c’.~rvature J(~~1), Mote that p .p
the vorticicy Uy Vx of the general solutIon (43) — a 3P(x ,y) 4. a..

- - is ~l(3 ½) ,  although in the special case (44) it is
- 

- ‘J(5’5) . This fact appears not to affect the result
(444) which is In agreement with the Spence rela- then by virtue of a generalization of (42 )
tion obtained ‘under the assumption of irrotationa l
ootentia l vortex fl ow for a jet element. ~P(x ,0)J — - C~~”(x 

a - 2t5
~J (53)

It is sIgnif icant to note that a nonuniformi ty where
Occurs near the trailing edge point C in ig. ‘I . / ,.r /
The order af the pressure perturoatlons in (Sib) C~ a ~ J q~dn) /,oU 

a 0(1 ) (54a )
are incorrec t near the trailing edge stagnation J-’t ~ 1/
region ,f the flow below the sl ip line, i .e.,

and ~ is a perturbatIon potential. Mote that (53 )
P - P can also be obtained from (44d).C 

~~- D (l)
p 102 Equation (53) is the relation used in conjunc-

tion with the jet tangency relation
Since ~res sure is to be matched across the s l i o
line , this 4moli es a corresponding change of ~ (x,0) a g ’(x) (54b)
OrderS In the jet and hence, (52a) becomes
i nva lid. This feature as well as the blending and the airfoil boundary conditions to determine
layer structur e are antici pated as Important the external ‘low field. I~hese relations coincide

- 
- aspects of the transonic problem , and are under w ith those derived by Spence. They can be gene ral—

investigation. As indicated previousl y, local ized or transonic flow by ~1acIng the Inside
ex pansions are required to deal with the the Integrand In (544).
‘ionunlformltles.
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Upper Surface 3low ing the SLOR code . lere , the Pressures for var ious
-ialues of the blowing coefficient are comparec

To treat conditi ons on the blown part of the agains t those for the ~npIown case at a reestream
air -foil Eq. (53) can be appli ed by approximating Macn number M~ - ~~ 33, ana angle pf attack
the radius S by ~f”)~~ to obtain the wall pres- a 

~~ Substa nt~al lift augmentation is evident
sures , and using the airfoil and jet boundary for blowing . Also evident is the associated rear-
conditions to determine the uPper slip line jet ‘ward motion of the shock with increased blowing
pres s u res. and sectional loading as if the incidence is

increased,
From the arbitrary deflection thin jet theory

derived in Section 2.2, it can be seen that rota- ‘urther parametric studies are prov ided in
tional flow produces the same pressure jumps Fig. 1-3 whIch indicate the effect o’ parall el di s—
across the jet in the dominant approximation as placement of the slat 

~j (in -units of the chord),
the i rrotational Spence models. Correspondingly, ‘on the chorowise pressures . Three positions ~fit can be shown that to within factors involving the slot *j -0.5, 0.65 ano -‘1.3 are shown. Mo sys-
tne density . oualitativel y similar results are tamatic trend in the blown Pressures is exhibited
obtaineo for transonic flow. Another important on this airfoil with downstream slot movement for
aspect oi the asymptotic representations derived fixed C4. E’iident nowever is a slight intensifi-
here is that they l ead to higher approximations catIon Sf the terminating shock with slot down—
~or the structure of the jet and externa l flow stream motion although its position remains ,.nal-

-whicn can be systematica ll y obtainec . Fina ll y, tered. Desoite the 1 imita:ions of the model to
the anal ytical solutions described above allow describe the fine structure of the jet exit
the systematic assessment of the effects of initial region , a small suctIon peat which has been
vor cicity and Skewness ‘which are inaccessible to observed in experiments is exhibited in this
other theories , vicinity for xj a 3~5, :n Fi g. 11 , the correspond-

ing increase i~i li ft coef~lcient Ci -with slot
3.0 Results and Discussion ~or downstream -‘novement is also shown as well as the
Transonic Upoer Surface 3lowing increase ii the size of the supersonic region.

A successive line overrelaxation (SLOR) scheme In ~‘ig. 12 , the increase of lift wi th blowing
-within a Karman ~uderley framework has been used coefficient as well as size of the supersonic
to compute the flow field over an uccer surface region is quantified.
blown airfoil . On the blown portion , the jump
condi tions across the jet are determined by the Tests of the adequacy of the foregoing model
asymptotic results given in previous sections , to simulate realistic cransonic 058 airfoil flows

c., Z~s. (53) and (Sib). ‘rov~ding that the have been inhibited by the lack of Suitable
region is not too close to the jet exit or trail - experimental data. Information exists onl y for
ing edge, the streamwise gradients can be highly three-dimensional configurations , large
neglected in the entropy and velocity component thickness , or incicenc e in ranges beyond the
parallel to the wall. Away from these regions , validity of the assumptions pf small disturbance
the pressure gradient perpendicular to the stream— theory. Another restriction is the unavailabi lity
lines is balanceo by centrifugal force. For the of the associatao geometric data and ‘low diagnos—
region near the jet exit , these assumptions become tics accompany ing the tests . The results of
inva lid, ~ere, the scale of the gradients in the Yoshihara and his coworkers were useful in this
streamwise direction become important , orinci oall y connection and allowed -us to compare the jet flap
due to the infl uence of wave interactions with the specialized version of the usa theory in Ref. 2.
sl ‘ 1 ~ne. Similar fine structures occur near the For the simulations described in this pacer, tests
trailing edge where the flow can stagnate on the performed by N.C. Freeman at NPL on a IJSB modifiec
-unblown side , depenoing on the ratio of the stag— 6~ thick RAE 102 airfoil and descr ibed ii Ref. 9,
nation pressure of the jet to the ambient stagna— apoear to be the most suitable results ~or corn—tlon value. For incompressible flow , the orevious parison at present. Jnfortunately, the angle of
sections have discussed the tn -stable equilibrium attack associated with the MPL data is 6’ which
at the trailing edge corresoonding to the -ialue p f is margina l for the application of a small
the stagnation Pressure ratio, -which l eads to the disturbance model.
dividing streamline leaving tangent to the uoper
surface if this is greater than unity (“EL ’ con— Figure 13 indicates comparisons of chordwise
fIguration). Consistent -with the previous discus- pressures for various values of C 1. Alsp shown
sion , the appropriate generalization to transonic are schlierens indicating the assOciateo flpw
flow ‘was assumed also to be a for a sing le valued field structure. Turning to the C~~a0 results
Pressure ‘without a shock in tha t location . This (Part ~a)), massive shock induced seDarat~on ~S
assumption has been altered to assess the sensit lv— indicated and is apparentl y i nitiated at the down—
ity of the flow to the dividin g streamline angle. stream l imb of the l ambda snock on the uoper sur-
:~ this connection , sur~ace pressures ‘pr the face. This is reflected in the classical eros~ondi vi d ing streamline bisect Ing the trailing edge of the suction plateau and ‘s responsible ~or theangle (as It would in incompressible flow ) -were indicated disagreement between the invisc id comou-
compared wi th those ~or the EL arrangement. 3ased tatlonal results and the data . 0r these tests ,
on these studies , sIgnif Icant differences are nominal tangential blowing with a S lOt height pf
ant lcioated onl y ‘or large Incidences ano tr ail ing Q,37~ of the chord was used . The slot location ‘a
edge angles. l5~ downstream of the nose. The Macn number M

1~~eoIately above the sl ip line at the slot
Typical results obtaine d 9rom the computa— (point A in Fig. ii Is approxImately 1 .29 ‘or

tiona l mood are Shown in 1g . 9 in which the fl ow both C ’ s Indicated . ~or C s a D.0 l7 , the slot ~achover a thick ~irl~ii designed at Rockwell’ s number M~ has been estimated as 1 ,79 and ‘Pr
C o lu m bus iircraft ivi slon CC.~D) was ana l yzed with C 4 a 3 . 0 4 8 ,  ~~~~~~~~
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Comoarison between theory and experiment in Turning now to tne Piscrepancy of t~e ia lues

Part (b) of Fi g. 13 Indicates reduced discrepancies Shown on the rear sur ace (oownstream of Q.Sc) in
on the upper surface associated with the limited Fig. lJc . we note that in spite of the obvious
separation. :n °art -ic ), tine agreement is corres— elimination of separation , a thick nscous wal l ~etponding ly further improved , is present. Downstream -diffusion will affect the

aoplication of the Soence relation on the blown
To achieve adequate rea lism , it is important to portion as well as the Shock jump . In view of the

discuss factors — esp o nsib l e for the disagreements. wall jet thickness shown on the schlier ens , this
ne feature not captured by the USB simulation is factor appears to be more si gnificant than shock
the pressure spike at the slot location. Based on obliqueness at its foot. A near term refinenerit
the slot size , the streamwise scale for this is being implemented employ ing a coupleo inv isc id—
ohenomenon is at least an order of magnitude viscous model using second order boundary layer
greater than the characteristic ‘wavelength of a corrections to the Spence boundary co no it io ns
Mach diamond pa ttern in the wall jet. These fluc- accounting for axial  g radien ts of the s isp lacement
tuations may not be resolvable with conventional and momentum thickness. Once ti~ese refinements arepressure tao arrangements for the thin slot incorporated , systematic optimization between
employed in the tests. If a rough model of a separation suppression , wave drag minimization , and
cofl owing invisci d supersonic wall jet over a flat suoercirculation control will be possible. t is
plat e is used :o descri be the flow near the slot, envisioned that the Pesign techniques contained in
the japroach to a final steady state may be Refs. 13— 15 w i ll augment this capability by provid—
damoed oscillatory or monotone depending on ing methoas to modulate shock ormation in concert
wnether the reflection coefficient R which is -with the blowing ef’ects.
-Jiven by

4.0 Conclusions
a 

Asymptotic and computationa l models have been
used to obtain the flow over upper sur~ace blown-where (USa) a i r f o i ls  in incompressible and tran so nic
flow. The treatment involves a detailed analysis

a M
~~

/MZ
~~ 

, 0 aJ~T _ 1  
~ 

a~
/ T ’

~
’ 

of the flow in the jet. The analytical and compu-
tational results indicate that

is resoectively positive or negative. 
• In the thin jet small deflection approxirna-

tion , the pressure jumps associatedThe relaxation length L to achieve the down— with the Spence theory prevail even if thestream pressure in units of the exit height is of flow is rotational and comoressib le.the Order of Zn R which can be approximatel y
S to 50 in the present case depenaing on the 

• The asymptotic developments provioed allowaccuracy of the estimate for Me. Note in this further systematic refinements .connection that
I Effects associated with initial skewness

and vorticity i naccessible to otherR<0 for I ~~~~~ , and Me<M~~ theories can be assessed.ae

Ma I The dividing streamline leaves tangent to
R~~0 for M<M~ . 

the upper surface in incompressible :10w.

C I Computational results obtained for transonic
‘JSB confIgurations indicate significantFor the submerged case, R— l , (M~ >~ M), and the enhancements of li fting pressures associatedPrandtl periodic pattern is obtained , with no with blowing .radiation of energy to the external flow .

I Comparisons with experiment indicat e ~ eThese facts suggest that one factor that may need for refinements i ncorPorating wavebe responsible for tne observed spike is the interaction phenomena near the jet exitinternal dec3y process in tne j et. If transonic as -we ll as viscous interaction processeseffects and ‘wall curvature are accounted for, the in the downstream portion of the wall jet.presence of “ballooning ” and throats in the jet
may also be contributory . .4e have discussed such Referencesphenomena in connection ‘with submerged transon ic
wal l jets in Ref . 10 and have repor ted analogous I . Spence, D.A ., “The Lift oefficient of a Thinresult s ‘or the coflowing case in Ref . 11 . Selec - 

~~~ Flapped 4ing ,” proc . Roy. Soc., Ser . A.,tion ‘ules in terms of M~ and M for the existence 233, December 1 956, oo. 46—~-8.of throats In the jet near field are given in 2. qilmuth, N.0. and Murphy, -4 .3., “ ; Relaxatio nRef . ?2 wnich are based on an integra l form ~f ine Solution ‘or Transonic n ow over Jet ~iappec<arnan 3uderley equation. A rough sketch -of the A jr’~1 ls, ” ~~~ 3. , 14 , September 1976,‘wave system that could exp lain tine soikes ~n _p i250—~257. 
—

:155. 13b and 13c i~ shown •n 1g . ~~~~. let 3 Murohy , 4 .3. and -Malmuth , M .D ., ‘
~~ Rel axationanot her phenomenon that would nave a similar wave SolutIon for T ran~onic Flow over Three—oattern wou ld be a sl Igh t -upwa rd not~on F the jet Dimensiona l ~et-~iapped 4lngs ,’ ~IAA 0., 15.due to ‘/IScPLS iii* 4 ng or a ‘ni saiignment wi th ~he January 977 , oc. 46—53 .surface tangent at Point .

~~. 

~ Murnan , 5.11. and Cole, 3.3., ‘Calcu lation of
‘lane Steady Transonic Flows , A IAA 3, ,
January 1971 , op . 114— 121 .
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